Abstract. Recently E. Feigin introduced the G N a -degenerations of semisimple algebraic groups and their associated degenerate flag varieties. It has been shown by Feigin, Finkelberg, and Littelmann that the degenerate flag varieties in types A n and C n are Frobenius split. In this paper we construct an associated degeneration of homogeneous coordinate rings of classical flag varieties in all types and show that these rings are Frobenius split in most types. It follows that the degenerate flag varieties of types A n , C n and G 2 are Frobenius split. In particular we obtain an alternate proof of splitting in types A n and C n ; the case G 2 was not previously known. We also give a representation-theoretic condition on PBW-graded versions of Weyl modules which is equivalent to the existence of a Frobenius splitting of the classical flag variety that maximally compatibly splits the identity.
Introduction
Let k be an algebraically closed field of positive characteristic p and let G be a semisimple algebraic group over k. In a series of papers ( [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10]), Feigin, Finkelberg, Fourier and Littelmann have investigated the PBW filtration on Weyl modules for G, the associated degenerate group G a , and related projective varieties called degenerate flag varieties (see §2.1.2, §2.2 and §5.1 below for precise definitions). The G 2 case has been recently considered in [11] (see also §3.3 in [5] ).
In more detail, the PBW filtration on a Weyl module V (λ) of highest weight λ gives rise to an associated graded G a -module V a (λ) with dual module H 0, a (−w 0 λ), where w 0 is the longest element of the Weyl group. The modules H 0, a (λ) for dominant λ are degenerate analogs of the standard induced modules H 0 (λ) for G and it is natural to consider the degenerate version Unlike the standard section ring for G/B, however, it is not a priori clear that R a λ has a natural ring structure. It is shown in [5] , [10] that in types A n , C n and G 2 there is a G a -equivariant multiplication map m : H 0, a (λ) ⊗ H 0, a (µ) → H 0, a (λ + µ) for all dominant µ, λ coming from a natural comultiplication map V a (λ + µ) → V a (λ) ⊗ V a (µ). In §3 we show that there is a natural G a -equivariant multiplication m in all types and hence R a λ is a G a -algebra. Consider the decreasing filtration on H 0 (λ) coming from vanishing degree at the identity element in G/B; then we show in Lemma 3.1 that H 0, a (λ) is the associated graded module for this filtration. The existence of the multiplication map m immediately follows since vanishing degree is multiplicative. Although one can show (cf Proposition 5.3) that R a λ is a domain, it is not clear if it is Noetherian in general although this is known in types A n , C n and G 2 . This lack of well-behavedness is one of the main technical issues in the last part of this paper and requires some delicate handling.
Next, we show in §4 (cf Theorem 4.4) that if G/B has a Frobenius splitting that maximally compatibly splits the identity then the ring R a λ is Frobenius split. In particular, R a λ is Frobenius split in the classical types and in type G 2 . We then show in Proposition 4.5 that the existence of such a splitting of G/B is equivalent to an interesting representation-theoretic condition on the degenerate Weyl module V a (2(p − 1)ρ), where ρ is the half-sum of the positive roots of G.
In the last section §5 we turn our attention to the degenerate flag varieties. For dominant λ we consider the section ring S a λ on an associated degenerate flag variety. It is not clear in general whether this ring is isomorphic to R a λ , although this is known to be true in types A n , C n and G 2 by [4] and [5] . In these cases the Frobenius splitting of the degenerate flag variety follows from the splitting of the ring R a λ , cf Theorem 5.1. In particular, we obtain an alternate proof of Frobenius splitting results for degenerate flag varieties in types A n and C n , which was originally proved in [6] and [7] ; that the degenerate flag varieties of type G 2 are Frobenius split was previously unknown.
We then compare the rings R a λ and S a λ in all types. We formulate conditions under which Proj(R a λ ) is isomorphic to the associated degenerate flag variety, a weaker condition than having an isomorphism R a λ ∼ = S a λ . These conditions imply that the associated degenerate flag variety is Frobenius split, cf Theorem 5.7.
Also, I would like to thank Evgeny Feigin and Shrawan Kumar for helpful conversations and the anonymous referee for carefully reading the paper and pointing out typos and areas for improvement.
2. Background 2.1. G and G a .
2.1.1. G. Let G be as above. Let B ⊆ G be Borel subgroup and let U ⊆ B be its unipotent radical. Let B − ⊆ G be the opposite Borel subgroup to B and let U − ⊆ B − be its unipotent radical. Let T ⊆ B be a maximal torus. Set g = Lie(G), n = Lie(U) and n − = Lie(U − ). Denote byŪ (g) andŪ (n − ) the hyperalgebras of G and U − , respectively. LetŪ ≤n (g) denote the degree filtration onŪ (g). This filtration restricts to a degree filtrationŪ ≤n (n − ) onŪ (n − ). Let ∆ ⊆ Λ denote the roots of G and let ∆ + ⊆ ∆ denote the positive roots corresponding to our choice of Borel B. Set N := |∆ + | and denote by ρ the half-sum of the positive roots. Let Λ denote the weight lattice of T and let Λ + ⊆ Λ be the set of dominant weights. For any λ ∈ Λ we have the one-dimensional B-module χ λ with weight λ.
For λ ∈ Λ + we have the Weyl module V (λ) with highest weight λ and the induced module H 0 (λ) of highest weight λ. Set λ * := −w 0 λ ∈ Λ + , where w 0 is the longest element of the Weyl group of G; then we have H 0 (λ) ∼ = V (λ * ) * and there is a Gequivariant duality pairing
is generated as a kalgebra by the divided-power elements F (n) β ∈Ū(n − ) for β ∈ ∆ + and n ≥ 0. Denote by hy(n − ) the hyperalgebra of n − , where we consider n − as an algebraic group isomorphic to a product of copies of G a . By the PBW theorem there is a k-algebra isomorphism
Denote by f (n) β ∈ hy(n − ) the image of the basis element F (n) β under the projection U ≤n (n − ) ։ hy n (n − ). Then hy(n − ) is a divided-power polynomial ring over k on the generators {f (n) β : β ∈ ∆ + , n > 0}. Further, hy(n − ) has a natural B-module algebra structure coming from the B-module structure on n − ∼ = g/b. 
Then U −,a is a commutative unipotent group with a B-action induced by the conjugation action on U − . In particular, U −,a is isomorphic to a product of copies of the additive group G m . We now set (2.1.5)
Remark that hy(n − ) is G a -equivariantly isomorphic to the hyperalgebra of U −,a .
2.2.
The PBW filtration and the dual filtration. Following [10], for λ ∈ Λ + define an increasing filtration on the cyclicŪ (n
is a nonzero highest weight vector). We call this filtration the PBW filtration on V (λ). This filtration is B-stable and gives rise to an associated graded B-module
Dually, replacing λ by λ * we obtain a decreasing B-stable filtration on
Explicitly, we have
We now obtain an associated graded B-module
By §2, §3 in [10] there is a natural hy(n − )-module structure on V a (λ) coming from theŪ(n − )-module structure on V (λ). It follows that V a (λ) is a cyclic hy(n − )-module and the hy(n − )-module structure integrates to a U −,a -module structure on V a (λ). We now obtain a natural G a -module structure on V a (λ) which agrees with the B-module structure described above. Dually, we obtain a G a -module structure on H 0, a (λ) and the nondegenerate G-equivariant duality pairing η λ of (2.1.1) induces a graded nondegenerate G a -equivariant pairing
In the sequel we will denote the graded components of V a (λ) and H 0, a (λ) by V a (λ) m and H 0, a (λ) m . Also, the highest-weight spaces in V (λ) and V a (λ) are naturally isomorphic; let v a λ ∈ V a (λ) be the image of the highest-weight vector v λ ∈ V (λ) under this isomorphism.
The degenerate coordinate ring
denote the line bundle on G/B with fiber χ w 0 λ (recall that for µ ∈ Λ, χ µ denotes the 1-dimensional B-module of weight µ). Then we have
Let I ⊆ O G/B be the ideal sheaf of identity eB ∈ G/B. Since the identity is a B-stable
The following important lemma is motivated by §4 of [14] .
Lemma 3.1. The isomorphism (3.1.1) restricts to a B-equivariant isomorphism
Proof. Identify U − with the big cell U − B ⊆ G/B. Then there is a section restriction inclusion
given by
For the rest of the proof we will consider
be the ideal of the identity. Then the restriction of the ideal sheaf
Hence it suffices to show that
for all n ≥ 0. This now follows from the usual technique of integrating theŪ (n − )-action on V (λ * ) to the U − -action. For completeness we sketch the details here. Fix an ordering β 1 , . . . , β N of ∆ + . For each 1 ≤ i ≤ N let
where this sum ranges over all tuples (n 1 , . . . , n N ) ∈ Z N + . Thus by (3.1.2b) we have
Comparing with the explicit description (2.2.4) of H 0 ≥n (λ) we obtain the equality (3.1.3).
3.2. Standard and degenerate coordinate rings. Choose λ, µ ∈ Λ + . By Lemma 3.1 the multiplication map H 0 (λ) ⊗ H 0 (µ) ։ H 0 λ + µ is filtration-preserving; that is, this multiplication map restricts to a B-equivariant multiplication
Taking the associated graded modules we have an induced multiplication morphism
Dually, we have a B-equivariant comultiplication morphism
By the results in [11] 
the homogeneous coordinate ring of a partial flag variety G/P for G under the embedding G/P ֒→ P(V (λ * )). Set 4.1. Background on Frobenius splitting. We give a quick recollection of basic Frobenius splitting results (see [1] for further details). Let A be a k-algebra. We say that an F
Sheafifying this idea, we obtain the idea of a Frobenius split k-scheme. Let X be a k-scheme and let F : X → X be the (absolute) Frobenius morphism, i.e. the morphism which is the identity on points and the p th power map on functions. Then we say that X is Frobenius split if there is a sheaf map
A Frobenius splitting of X lifts to a splitting on sections of invertible sheaves in the following way. Given an invertible sheaf L on a projective k-variety X set
the section ring of L. Let σ : F * O X → O X be a splitting of X. Then in this case there is a natural graded splitting σ of R(L) induced by σ, where by a graded splitting we mean a splitting that sends graded degree pm to graded degree m and kills all other degrees that are not divisible by p.
We can explicitly describe σ as follows (cf Definition 4.1.12 in [1] ). There is an O X -linear isomorphism F * M ∼ = M p for any invertible sheaf M on X and hence by Lemma 1.
on global sections. Taking the direct sum of these morphisms and extending by zero on graded degrees k with p ∤ k, we obtain a morphism σ : R(L) → R(L) which can be checked to be Frobenius-linear (cf the proof of Lemma 4.1.13 in [1] ). It follows that σ splits the p th power morphism on R(L) and hence is a graded splitting of R(L).
We also recall the following essential result from [1] , [16] . 
Proof. We may assume without loss of generality that X is irreducible. Fix x ∈ Y and choose n ≥ 0. Choose a trivialization t :
Let K ⊆ O X,x be the local ideal defining Y at x; then K is the stalk of I at x. Since Y is smooth, for all j ≥ 0 we have that K j is the ideal of O X,x consisting of elements that vanish along Y to order at least j. Denote by σ x : O X,x → O X,x the splitting of O X,x induced by σ. Then we have a commutative diagram
which restricts to a commutative diagram
for all m ≥ 0. Now, we have σ x K pm+1 ⊆ K m+1 by the definition of a maximal compatible splitting, which implies
Hence σ(J pm+1 ) ⊆ J m+1 for all m ≥ 0 as desired. 
A representation-theoretic analog of maximal compatible splittings.
We now derive a representation-theoretic statement which is equivalent to the existence of a splitting of G/B that maximally compatibly splits the identity.
, a so-called norm form for the hyperalgebra of the first Frobenius kernel of U − . By Lemma 6.6 and Proposition 6.7 in [12] , F 0 is independent of the order of roots in the product and is central inŪ (n − ). Also set
Recall that ρ denotes the half-sum of the positive roots. Also recall the definition of the highest-weight vector v
We now have the following representation-theoretic interpretation of maximal compatible splittings.
Proposition 4.5. There is a Frobenius splitting of G/B that maximally compatibly splits the identity if and only if
Proof. We first recall the following general geometric setting for Frobenius splittings of G/B (cf [1] ). For any smooth variety X there is an isomorphism
and an evaluation morphism (often called a trace morphism) ev : Γ X, ω 1−p X → k which detects splittings, in the following sense: a section s ∈ Γ X, ω 
consisting of elements that vanish to multiplicity at least m at the identity in G/B. It follows by Lemma 2.12 in [16] that a splitting section s ∈ H 0 (2(p − 1)ρ) maximally compatibly splits the identity if and only if s ∈ H 0
On the other hand, recall that
Let s ∈ H 0 (2(p − 1)ρ) be a section that compatibly splits the identity with maximal multiplicity. Then by the above discussion − 1)ρ) , s splits the identity with maximal multiplicity as desired.
Remark 4.6. Assume that G is of type A n , C n or G 2 . It follows from the combinatorial description of bases for
. Thus in those types Proposition 4.5 gives an alternate proof that the identity is maximally compatibly split in G/B; as noted above, this was initially proved in [15] in the classical types and in type G 2 . Remark 5.2. As noted earlier, the fact that F a λ is Frobenius split in types A n and C n was initially proved in [6] and [7] using a different technique.
5.2.
Splitting results for F a λ . We now turn our attention to a comparison of the ring R a λ with the homogeneous coordinate ring of an associated degenerate flag variety (called S a λ below) in any type. Although it is reasonable to hope that these rings are isomorphic in all types it is not clear how to show this in general, so a coarser analysis is necessary.
5.2.1.
The section ring S a λ . Given λ ∈ Λ + , for now we will consider F a λ * rather than F a λ . Although it is slightly cumbersome we do this because we want to focus on
Then 
be the G a -equivariant morphism given by section restriction. As noted in the proof of Theorem 5.2 in [6] , by considering restriction of sections to the degenerate big cell
a λ * we see that i is injective. Indeed, this follows from the observation that the set U −,a .v λ * spans V a (λ * ). The goal of this section is to prove the following crucial proposition which allows us to compare the rings R 
and
There is a canonical nonvanishing section c of the tautological bundle O(−1)| U −,a given by c(u) = u.v λ * for all u ∈ U −,a . Dualizing this section we obtain a trivialization
Taking powers of this trivialization we obtain trivializations
. As a result we obtain an algebra inclusion
given by 
. With this setup, s identifies with the natural restriction map 
